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In the present paper we introduce the notion of dilation of a multiparametric linear 
stationary dynamical system (systems of this type, in particular dissipative, and con- 
servative scattering ones were first introduced in Q). We establish the criterion for 

■ existence of a conservative dilation of a multiparametric dissipative scattering system. 

i > ■ 

This allows to distinguish the class of so-called ^-dissipative systems preserving the 
most important properties of one-parametric dissipative scattering systems. 

*> Introduction 

ON ' 

This paper continues the investigation of multiparametric linear stationary dynamical sys- 
tems (LSDSs), in particular dissipative, and conservative scattering systems, started in 0. 
Such systems represent a generalization of LSDSs with discrete time t G Z, in particular 
dissipative (contractive), and conservative (unitary) scattering systems (see |4| and survey 
[D to the case t £ Tj N . In Section [l] we recall the necessary definitions and facts from ||. In 
Section |2] we recall the definition of dilation of a one-parametric LSDS and prove the lemma 
in which a useful equivalent reformulation of this definition is obtained. In Section |3] the 
notion of dilation of a multiparametric LSDS is introduced, and some of its properties are 
discussed. In Section |] the criterion for existence of a conservative dilation of a multipara- 
metric dissipative scattering LSDS is established. This criterion allows to distinguish the 
subclass of multiparametric dissipative scattering LSDSs that possess conservative dilations 
(we call them iV-dissipative scattering systems) and preserve other important properties of 
one-parametric dissipative scattering LSDSs. In Section |5] we characterize the class of trans- 
fer functions of all iV-dissipative scattering LSDSs with given input and output spaces as 
the subclass of the generalized Schur class of operator-valued functions on the open unit 
polydisc (the definition of this class is recalled in Section [l|) distinguished by the con- 
dition of vanishing at z = 0. We prove the existence of minimal iV-dissipative realizations 
for operator-valued functions from this subclass. We establish that in the cases N — 1 and 
N = 2 the class of iV-dissipative scattering LSDSs coincides with the class of all dissipative 
scattering LSDSs. Note that for N = 1 it is a well-known result 0] appearing as a system 
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analogue of the classical theorem of B. Sz.-Nagy on the existence of a unitary dilation for 
an arbitrary contractive linear operator on a Hilbert space (see 0). In the case N > 2 the 
class of iV-dissipative scattering LSDSs turns out to be a proper subclass of the class of all 
dissipative scattering LSDSs. 



1 Preliminaries 

In this section we shall recall some definitions and results from || that will be needed in the 
sequel. 

For t G Z N set \t\ := J2k=i tfa for each k G {1, . . . , N} let e k be the iV-tuple with 
unit on the k-th place and zeroes on the rest, and let \Hx,H.2\ denote the Banach space of 
all linear bounded operators mapping a separable Hilbert space into a separable Hilbert 
space 7^2- Then a multiparametric LSDS is, by definition, the following system of equalities: 

where for all k G {1, . . . , N} A k G [X,X],B k G [tf-,X],C k G [X,AT+],D k G [Af - , 

together with the initial condition 

(1.2) x(t) = x (t) 

where x$ : {t G Z* N : \t\ = 0} — > X is a prescribed function. We call X, Af~, Af + respectively 
the state space, the input space and the output space of a. If one denotes the iV-tuple of 
operators T k (k = 1, . . . , N) by T := (T l7 . . . , T/v) then for such a system one may use the 
short notation a = (N; A, B, C, D; X, A/"~, A/" + ). Note that in the case N = 1 a system of 
equalities in (|1.1|) differs from the standard one (see f| or p) by shift in an output signal 
that brings, as it is shown in 0, to unessential changes in the theory of one-parametric 
LSDSs. The notion of dilation for this case, that will be used in the sequel, doesn't differ 
from the standard one (see Section Q). 

Set zT := J2k=i z kTk for iV-tuples of complex numbers z = (zi,...,Zn) and 
operators T = (Ti, . . . , Tn). Then a [Af~ ,M + }- valued function 

6 a (z) =zD + zC(I x - ^A)" 1 ^, 

which has to be considered on some neighbourhood of z = in C , is called the transfer 
function of a system a of the form ( fL.l|) -( p2|) . The system a = (N; A, B, C, D; X, N~, N + ) 
is called a dissipative (resp. conservative) scattering LSDS if for each ( G T N (N- dimensional 
torus) 

CG:= (cc cd) z\x@N-,x®N+] 

is a contractive (resp. unitary) operator. 

Theorem 1.1 The transfer function 9 a of an arbitrary dissipative scattering LSDS a = 
(N; A, B, C, D; X ,Af~ ,Af + ) belongs to the class B° N (Af~ , 7V + ) consisting of all functions 
holomorphic on the open unit polydisc D N with contractive values from [Af~, Af + ] and van- 
ishing at z = 0. 



Recall (see that the generalized Schur class S^{M ,Af + ) is the class of functions 

9(z) = 

holomorphic on B N with values in (here := {t E Z N : t k > 0, k = 1, . . . , N} is 

the discrete positive octant, z l := n^Li z k h * s a USU& 1 multipower for t E such that for 
any separable Hilbert space y, any iV-tuple T = (T 1; . . . , T N ) of commuting contractions on 
y and for any positive r < 1 one has 

||0(rT)||<l 

where 

0(rT) = 0(rTi, . . . , rTjv) := ^ t ® (rT)* e [J\f~ ®y,M + (g) y) 

(the convergence of this series is understood in the sense of norm in the Banach space 
[Af~ Cg) y,Af + ®y]). If N = 1 then due to the von Neumann inequality (see [|ll[]) we have 
Sn(N~, Af + ) = S(J\f~, Af + ) i.e. the Schur class consisting of all functions holomorphic on 
the open unit disc D with contractive values from [Af~,J\f + ]. 

Denote by S%(Af~, Af + ) the subclass of those functions from S]y(Af~, Af + ) that 
vanish at z = 0. 

Theorem 1.2 The class of transfer functions of N -parametric conservative scattering LS- 
DSs with the input space Af~ and the output space N + coincides with S%(J\f~ ,J\f + ). 

In conclusion of this section let us remark that it is not difficult to verify the following 
inclusion: 

(1-3) S° N (M-,M + )QB° N (Af-,Af+). 

It is known that for N — 1 (see ||11|| ) and for N = 2 (see ||) we have in fact the sign "=" 
in ( |OD for any N~ and A/" + , i.e. the classes S° N (N~ , N + ) and B® N (N~,N + ) coincide. For 
N > 2, as it follows from [pi , these classes do not coincide, i.e. we have the strict inclusion 
in ( p.. 3D for any N~ and Af + different from {0}. 



2 Lemma on dilations of one-parametric LSDSs 

In this section the question is the case N — 1, i.e. one-parametric systems of the form 

n (x(t) = Ax{t-l) + B<fr{t-l), ( , 
a -\4>+(t) = Cx(t-l) + D<j>-{t-l), { L > A >---) 

where A E [X,X],B E [Af~, X],C E [X,M + ],D E [J\f~,M + ], and initial condition will be 
unessential for our consideration; we shall write a = (A, B, C, D; X , A/" - , A/" + ) := (1; A, B, C, 
D; X,Af~,Af + ). Recall (see e.g. § or §) that the LSDS a = (A,B,C,D;X,Af-,Af + ) is 
said to be a dilation of the LSDS a = (A, B, C, D; X, A/"~, Af + ) if there are such subspaces 
T> and T>* in X that 

(2.1) X = V@X ©X?„ 



(2.2) AVcV, CV = {0}, A*V* C V*, B*V, = {0}, 

(2.3) A = P X A\X, B = P X B, C = C\X 
(here P x denotes the orthogonal projector onto X in X). 

Lemma 2.1 The LSDS a = (A, B, C,D; X,J\f~,J\f + ) is a dilation of the LSDS a = (A, B, 
C, D; X , A/" - , A/" + ) if and only if X C X and for all n G Z + tie following equalities hold: 

(2.4) A" = P x A n \X, A"B = P x A n B, CA n = CA n \X, CA n B = CA n B. 



Proof. Suppose that 5 is a dilation of a. Then X c X, and by ( |2.ci| ) for n = 1 the first 
equality in (|2.4j) holds (note that for n = it holds trivially), and for n = the second and 
the third equalities in ( [2.4|) hold. Thus we have the base of induction for the proof of the 
first three relations in (|2.4| ). Let for n = k e Z + these relations are true. We will show that 
then for n = k + 1 they are also true. We have 



A k+1 = A- A k = P x AP x A k \X = P x A[l x - P v - P Vt )A k \X 
= P x A k+1 1 X - P x AP v A k I X - P x AP Vt A k I X = P x A k ~ 



since, according to Q and Q, P^AP© = and P Vt A k \X = 0; 

A fc+1 P = A ■ A k B = P x AP x A k B = P x A{l x - P v - Pv„)A k B 



P x A k+1 B - P x AP v A k B - P x AP Vt A k B = P x A k+1 B 



since, according to Q and §), P^APp = and P v ,A k B = 0; 

C7L fc+1 = CA fc • A = CA k P x A\X = CA k (I x - P v - Pv,)A\X 
= CA k+1 \X - CA k P v A\X - CA k P v A\X = CA k+l \X 



since, according to (|2.1| ) and (|2.2|) , CA fc Pp = and Pr> t A\X = 0. Thus we established by 
induction on n that the first three relations in ( |2.4| ) hold. We get from here for an arbitrary 
n G Z + 

CA n P = {CA n \X) ■ (P X B) = CA n P x B = CA n [I x - P v - P Vt )B 
= CA n B -CA n P v B -CA n P v B = CA n B 

since, according to ( |2.1| ) and ( |2.2| ), CA n Px> = and Pp.P = 0. Thus the fourth relation in 
is also true for any n G Z + . 

Conversely, let A" C and for all n G Z + the equalities in (|2.4| ) hold. Then set 



V =\J A n ((A - A)X + (B- B)Af- 



n=0 



where the symbol "V" denotes the closure of a linear span of some lineals, U + V := {u + v : 
ii 6 W,u G V} is the sum of lineals U and V in some space, (A — A)X := {x G X : x = 



Ax — Ax, x G X}, (B - B)M~ := {x G X : x = B<jr - B^T \(jr G Then V L X. 

Indeed, for arbitrary x £ X, <fi~ G A/"~ and n G Z + we have 

P x A n ((A-A)x + (B-B)<f>-) 
= P x A n+1 x - (P x A n \X) ■ (Ax) + P x A n Bc/ ) - - (P x A n \X) • (50- ) 
= A n+1 x -A n -Ax + A n B(j)- - A n ■ B<jr = 0. 

Hence P X V = {0}, and V _L X. Set 

V* :=XQ{X®V). 

Then ( |2.1| ) is valid. From the definition of T> we obtain that AD C P. Further, for arbitrary 
x E X , (f>~ G A/"~ and n G Z + we have 

Cl n ((I-A)x + {B-B)4>-) 
= CA n+1 x - (CA n \X) ■ (Ax) + CA n B<j)- - (CA n \X) ■ (B<jr) 
= CA n+1 x - CA n ■ Ax + CA n B(j)- - CA n ■ B<fT = 0. 

^From here we obtain that CD = {0}. For an arbitrary x G X we have 
Ax = (Ax — Ax) + Ax G (A - A)X ® X cV ® X 

(here W denotes the closure of U). It was shown above that AD C T>. Hence v4(D © Af) C 
X> © X. From here we get A*V* = A*(V®X) L C (£> © A 1 )" 1 = £>*. For an arbitrary 
0- G A/" - we have 

B(j>~ = (B4>- - B(j>~) + B4>- e(B- B)M- © X C V © X = (P*)\ 

^From here we get B*D if = {0}. Thus relations in ( |2.2|) are true. The equalities in 
( p.3|) are the special cases of the equalities in (|2.4| ). Finally, we have obtained that a = 
(A,B,C,D;X,N-, 

J\f + ) is a dilation of a = (A, B,C, D; X ,Af~ ,Af + ). □ 

REMARK 2.2 ^From Lemma [2.1| , in particular, the well-known result (see e.g. 0]) follows: 
if 5= (A,B,C,D;X,M-,M+) is a dilation of a = (A, B, C, D; X,N~,N + ) then 

Vn G Z + A n = P x A n \X, 

i.e. the main operator A of the system 5 is a dilation of the main operator A of the system 
a. 



3 The notion of dilation of a multiparametric LSDS 



Definition 3.1 We shall call the LSDS 5 = (JV; A,B, C,D; Af,JV _ , a dilation of 
the multiparametric LSDS a = (N]^A, B, C, D; X,J\f~,N + ) if for each ( 6 T w the one- 
parametric LSDS 5?£ := (CA, CB, CC, CD; X, N~ , M + ) is a dilation of the one-parametric 
LSDS := (CA, CB, £C, CD; X ,J\f~ ,Af + ), i.e. for each C G there are such subspaces 



and X>* 5 £ in ^ that 



(3.1) x = v c © x © :z\ c , 

(3.2) CAP ? C £> c , CCP C = {0}, (CA)*2\ C C 2\ c , (CB)*P,, ? = {0}, 

(3.3) CA = P X ((A)\X, CB = P X (CB), (C = ((C)\X. 



/,From Lemma 2.1 we obtain the following equivalent reformulation of Definition 3.1 



Proposition 3.2 The LSDS a = (N; A,B,C,B; X^Af' ,Af+) is a dilation of the LSDS 
a = (JV; A, B, C, D; X,M~,M + ) if and only if X C X and for all ( e T N and n e Z+ the 
following equalities hold: 

4 s (CA)" = ^(CA)"|*, (CA)"CB = P x (CA)XB, 

1 ' J CC(CA)™ = CC(CA)"|^, CC(CAfCB = CC(CA)"CB. 

Equating coefficients of trigonometric polynomials in N variables in both sides of equalities 
( |3.4|) we will obtain another equivalent reformulation of Definition [3.1| , that is a multipara- 
metric analogue of Lemma [2.1| . For convenience of writing of corresponding relations let us 
recall the notations from for the so-called symmetrized multipowers of the N -tuple A and 
the symmetrized multipowers of the N -tuple A bordered from one side (from two sides) by 
the N -tuples B and C. If 

si! • • - stv! 

denote the numbers of permutations of \s\ elements of N different types with repetitions 
(the polynomial coefficients) where an element of the j'-th type repeats itself Sj times, 
[k] (e {l,...,iV}) denotes the type of an element k, and a runs through the set of all 
such permutations with repetitions, then we set 

= c 7 1 ^2 A W0)]'" A K\«\)h ( sGZ +) 

= Cj 1 ^ A [a(l)] ■ ■ ■ A [*(\s\-l)]B[a(\s\)], ( s ^ Z +\{°}) 

(J 

= c 7 1 I] c 'wi)]^(3)]---A^(H)]» ( seZ f\M) 

(j 

= ^^CwwlA^)] ■ ■ ■ A W(\s\-i)] B W(\s\)]- 

a 

(seZ»\{0,e 1 ,...,e N }) 



(3.5) 


A s 


(3.6) 


(AtfB) s 


(3.7) 


(CbA) s 


(3.8) 


(CbAftB) s 



Remark 3.3 In case of the commutative iV-tuple A we have 



TV 

A=l[A k Sk 

k=l 

i.e. a usual multipower. 

Proposition 3.4 The LSDS a = (N; A, B, C, D; X,J\f-,J\f+) is a dilation of the LSDS 
a = (N; A, B, C, D; X,Af~,Af + ) if and only if X C X and the following equalities hold: 

Vs eZf A s = P X A S \X L 

,o q) v. g zj \ {0} (A$By = pAMby, 

{ ' ! Vs G HI \ {0} (CbA) s = (CbA) s |#, 

Vs 6 \ {0, ei, . . . , e/v} (CbA|jB) s = (CbAf|B) s . 



Remark 3.5 The equalities in the first line of (|3.9| ) mean that the N -tuple A of main 
operators of the system a is, by definition, a dilation of the N-tuple A of main operators of 
the system a (cf. Remark |2.2| ). In case of the commutative iV-tuples A and A this coincides 



with the definition of dilation for iV-tuples of operators by || (see Remark |3.3|) 



Remark 3.6 It follows from Proposition |3]4] that one can replace C, G T N by z G C N in (R74 



from Proposition [3.2| , and in (|3.1|) - (|3.3|) from Definition |3.1| , thus the LSDS a is a dilation 
of the LSDS a if and only if for each z G C N there are such subspaces D z and 2\ 2 in X that 



,2) 



(3.10) * = v z e AT e x>*„ 

(3.11) zAZ> s C P a , zCV z = {0}, ( 2 A)*D V C (zB)*£>,, z = {0}, 

(3.12) zA = P^zA)!*, zB = P x (zB), zC = (zC)\X. 



Remark 3.7 Symmetrized multipowers that were defined in ( |3.5| )-( pT8| ) take part in expres- 
sions for states x(t) and output signals 4> + {t) of a multiparametric LSDS a through states 
Xq(t) from (|1.2Q and input signals _ (t) at preceding to £ moments r ^ t oi "multidimen- 
sional time" (we set t < £ if £ — r G Zj), that are deduced from the recurrent relations 
from fll.lp and the initial condition ( |1.2| ) (see pi). Thus the algebraic definition of dila- 
tion from Proposition |3.4| is connected with consideration of system in "multidimensional 



time" domain, whereas the initial geometric Definition [3J] is connected with considerations 



in "multidimensional frequency" domain or with so-called Z-transform Sofa system a (see 



Remark 3.6 and 



Proposition 3.8 The transfer functions of the system a = (N; A, B, C, D; X, M ,ftf + ) 
and of its dilation 5 = (JV; A, B, C, D; X, J\f~, Af + ) coincide. 



Proof. The transfer functions of a and a 



(3.13) 



[z] = zD + zC{I x 



rD + ^^C(^A) n ^B, 



n=0 



(3.14) 



0A 



zB + zC{I$ - zA)~ l zB = z~D + J2 zC{zA) n zB 



n=0 



are defined and holomorphic on some neighbourhood of z = in C . In particular, the series 
in ( p. 14 ) converges to 6a{z) in operator norm uniformly and absolutely on compact subsets of 
the domain T := {z G C N : ||zA|| < 1}. In this domain \\zA\\ = \\P x (zA)\X\\ < ||^A|| < I. 
Therefore the series in Q3.13 ) converges to 9 a (z) in operator norm uniformly and absolutely 
on compact subsets of T. Besides, it follows from Proposition |3.2| and Remark |3.(j| that for 
all z G and n G Z + zC(zA) n zB = zC(zA) n zB, and hence for all z G T, according to 
(Pp and (|3T4l), we have 9Jz) = 6 5 (z). □ 



Definition 3.9 We shall call a multiparametric LSDS minimal if it is not a dilation of any 
system other than itself. 



Proposition 3.10 For an arbitrary LSDS a = (JV; A, B, C, D; X, JV~, Af + ) there exists a 
minimal LSDS a min = (N; A min , B min , C min , D; X min , J\f~, Af + ) such that a is a dilation of 

Proof. We will use the Zorn lemma (see e.g. ||). Consider the set E a of all systems 
a 7 , 7 G T (here V is some set of indices), for which a is a dilation. Then S Q is a partially 
ordered set with respect to the relation 'V: we shall write a 7l y a 72 if a 71 is a dilation 
of a 72 . For the existence in S Q of a minimal element (which is a minimal system with the 
dilation a) it is sufficient to prove that any chain <L a in E a has a lower bound. Without loss 
of generality one can suppose that £ Q contains the element a = a: 

(£ a : a = ojq >- . . . >- oj 7 . . . 

(the directed set of indices for this chain will be denoted by T ) . If r is finite then <£ a has 
the minimal element a 7 „ which is a desired lower bound for € a in this case. Now let the 
directed set 70 be infinite. Evidently, the corresponding state spaces for systems from <L a 
are completely ordered by inclusion "D" , i.e. we obtain the chain 

&x '■ X = <^-o =5 ■ ■ ■ ^7 =5 • • • • 

Set X m := f| 7e r X r Then ( see e -S- i) 

P x * = s- lim P x . 

7er 

Set a* := (N; A*, B*, C*, D; X*, J\f~, Af + ) where the iV-tuples A*, B*, C* of operators are 
defined by formulas: 



^4*,fc — Px*Aj.\X*, B^k — P Xt E>k, C*^ — Cyt I Af* . (k — 1, . . . , N) 



Then a is a dilation of a*, i.e. a* G E a . To show this we shall verify the equalities in ( |3.4| ) 
for these two systems and imply Proposition EO. For arbitrary ( G and n G Z + we have 



(CA,r = (iMCA)m = s - hm(p^(CA)n^ 

7eio 

= s- lim(P^(CA)|^ 7 r|^ = s-lim(CA 7 ) n |^ 

7er 7sr 

= s- limP^(CA)%¥, = P*,(CA)%*;, 
7ero 

(CA,)"CB* = (P*(CA))»P^(CB) = 8- lim(P^(CA)) n P^(CB) 

7sro 

= s- lim(CA 7 rCB 7 = s-limP^(CArCB = P^(CA)XB, 

7er 7sr 

and other equalities in ( ^.4[ ) are verified analogously. 

Now let us show that for each 7 G r a 7 is a dilation of a*. Indeed, for any 
7 G T and n 6 Z + we have 

(CA*r = p^(ca)i^ = p x sp Xi {^tw\x, = p^^w, 

(CA,)"CB* = P^(CA)\B = P^P^(CA)XB = P^(CA 7 )XB 7 , 

CC(CA*) n = CC(CA) n |^ = (cc(CAn^)|A; = cc 7 (CA 7 )"|^, 

CC*(CA*) n CB* = CC(CA)\B = CC 7 (CA 7 )"CB 7 . 
Thus a* is a lower bound for (£ a , and the proof is complete. □ 



4 Criterion for existence of a conservative dilation of 
a multiparametric dissipative scattering LSDS 

Definition 4.1 We shall say that a = (N; A, B, C, D; X, N~ , A/" + ) is a conservative dilation 
of the dissipative scattering LSDS a = (N; A, B, C, D; X, 7V~, 7V + ) if 5 is a dilation of a, 
and 5 is a conservative scattering LSDS. 



Theorem 4.2 Tie dissipative scattering LSDS a = (N; A, B, C, D; X, Af~,Af + ) allows a 
conservative dilation if and only if the corresponding linear operator-valued function 

(4.1) L Q (z) := zG = ( (z G H) N ) 

belongs to the class S%(X © Af~, X © Af + ) (the definition of this class can be found in 
Section [![). 

Proof. Let the dissipative scattering LSDS a = (N; A, B, C, D; X, N~, Af + ) possess the 
conservative dilation a = (N; A, B, C, D; X, jV~, A/" + ). Then for each £ G 

CG:= ( ^ g ) G[^©JV-,^©^+] 



is a unitary operator. This operator allows another block partition: 
CT CF 



CG 



CH CS 



e [(xex) © [x®N-),{xex) © (x@sf + )] 



where 



CT = P ie ,((Gpe x , CF = P XeX ((G)\X © JV-, 

CH = p xm+ ((G)\x ex, cs = P X(sM+ ((G)\X © M~ = CG. 



It is clear that one can correspond to this partition of CG the conservative scattering LSDS 
(3 = (N; T, F,H,S;XQX,X® A/ - , X © A/" + ) where S = G. Its transfer function 



9 p {z) = zS + zH(I 



XQX 



by Theorem [L2] belongs to the class S%(X © A/" - , <Y © A/" + ). Let us show that 6^0) = = 
zG = Lg(^). This will mean that Lg G S%(X © A/" - , A" © Af + ) i.e. the necessary condition 
of the present theorem. Evidently, it is sufficient to show that for any z G C N and n G Z + 

zH(zT)"zF = 0. 

According to ( |3.10| ) we have 
zFl(zT) n zF 

= (P X(BAr+ (zG)\X © X)(P XeX (zG)\X © X) n P XQX (zG)\X ©AT" 



P*(zA) 

zC 



(Pv z + Pv,J(zA(P Vz + P V „ Z )T{ {zA)\X zB 
P v ^MPv z + Pv^)) n PvA (zA)\X zB } 



since by ( pi]) P x (zA)P Vz = 0, (zC)^, = 0, P v ^(zA)\X = and P v .,,(zB) = 0. 
Further, by (gjTj) zA£> z cD z l £>*, 2 , hence 



(zA(P^ + Pv*J) n Pv z = Pv t , z {zA) n P Vz 



0. 



and therefore zH(,2T) n ,2F = 0, i.e. the necessary condition of this theorem is fulfilled. 

Conversely, let Lq belong to the class S° N (X@J\f~ , A"©A/" + ). Then by Theorem |TT2 
there exists such a conservative LSDS (3 = (N; T, F, H, S; y, X © A/"~, <Y © A/" + ) that for all 

zeB N 

9{t{z) = zS + zR{I y - zT^zF = zG = L G (z). 
Then S = G, and for all n G Z + and 2 G (and hence for all z G C^) 

(4.2) zU{zT) n zF = 0. 

Conservativity of j3 means that for each C G 



CG 



( CT 


CF i 




CF \ 


V CH 


CS , 




CG ) 



G [^©(^©AT-),y©(A'©Ar + )] 



is a unitary operator. This operator allows another block partition: 



where 
(4.3) 



CG: = 

CA 
CC 




g [(y ® x) ®M-,(y ® x) 



CT 

^r(CH) 



m\x 

CA 



[PM(H) CC 



CB 
CD 



((F)\Af- 
CB 
CD. 



It is clear that one can correspond to this partition of CG the conservative scattering LSDS 
a = (N; A, B, C, D; y®X, J\f~, Af + ). Let us show that 5 is a dilation of a. For this purpose, 
according to Proposition [3.2| , it is sufficient to verify the equalities in fl3.4|) for all £ G T^. 
According to (|4.3|) CA = Px(£A)\X, i.e. for n = 1 the first equality in Q3.4|) holds (for 
n — it holds trivially). Let us apply induction on n. Suppose that (CA) n = P x ((A) n \X 
for n = k G Z + \ {0}. Then by §J) and Q we have 

(CA) fc+1 = (CA)(CA) fc = P^(CA)P^(CA) fc |^ 
= P x (CA)(I y@x - P y )(CA) k \X 



P x ((A) k+1 
Px((A) k+1 
P x ((A) k+1 
P x (CA) k+1 
P x ((A) k+1 



X 
X 
X 
X 



P x ((H)P y ((A) k \X 
P x (Cm CT (CF)\X ]((A) k - 
P^(CH)(CT)P y (CA) fc - 1 |^ = . 
P^(CH)(CT) fc - 1 P y (CA)|^ 



\x 



X - P A .(CH)(CT) fc - 1 (CF)|A' = P*(CA) fc+1 |A\ 

Thus the first equality in ( |3.4|) is valid for all n G Z + . The second and the third equalities in 
( |3.4| ) are proved analogously. Finally, for an arbitrary n G Z + by ( |4.3|) , ( 4.2|) and the second 
equality in (|3.4|) we have 



CC(CA)\B = (CC)P,(CA)"CB = (CC)(W-Py)(CA)XB 

= CC(CA)»CB-P^+(CH)Py(CA)»CB 

= CC(CA) n CB -Pjyr+ (CH)[CT {<?)\X KCA)*- 1 ^ 

= CC(CA)^B - P^+CCHJCCTJ/VCCA)"" 1 ^ = . . . 

= CC(CA)XB-Pat + (CH)(CT)"PKB 

= CC(CA)^B - PAr + (CH)(CT)"(CF)|AT- = CC(CAfCB. 

Note that for n = this calculation is obviously simplified and does not contain terms like 
(CA) fc with k < n. The proof is complete. □ 

In the particular case when 7V~ = A/" + = {0} we obtain the following result. 

Corollary 4.3 The linear pencil of contractions -^a(C) := CA G [X,X] (C G T N ) allows a 
unitary dilation, i.e. there is a linear pencil of unitary operators ^x(C) = CA G [X, X] (C G 
T N ), for which X C X and 



(4.4) 



VC G T*, G Z + (CA) n = P*(CA) n |*, 



if and only if L A e S° N (X,X). 



Remark 4.4 Condition ( fOj) is equivalent to the family of equalities in the first line of 



condition (|3.9|) in Proposition |3 



5 TV- dissipative scattering LSDSs 

It is obvious (see Section [[]) that the multiparametric LSDS a = (N; A, B, C, D; X, M~, N + ) 
is a dissipative scattering LSDS if and only if the corresponding linear function Lq in QO ) 
belongs to the class B%(X ©TV", X ©7V+). 

Definition 5.1 We shall call the system a = (N; A, B, C, D; X, A/" - , 7V + ) a N- dissipative 
scattering LSDS ii L G e S%(X ® Af~ , X ® Af+). 



It is clear that by virtue of (|1.3Q the class of iV-dissipative scattering LSDSs is a subclass 
of the class of all dissipative scattering LSDSs. According to Theorem fO| it consists of 



those and only those dissipative systems which allow conservative dilations. It follows from 
Theorem |l.l| that the class of transfer functions of iV-parametric dissipative scattering LSDSs 
with the input space Af~ and the output space Af + is a subclass of B%(Af~ , Af + ), however we 



have no complete description of this subclass. For iV-dissipative systems, from Theorem |L2 



Theorem [472] and Proposition |3.8| we obtain the complete description of the class of transfer 
functions. 



Theorem 5.2 The class of transfer functions of N -dissipative scattering LSDSs with the 
input space Af~ and the output space Af + coincides with S%(Af~, Af + ). 

Let us note that, by Theorem [4 .2| , if the iV-dissipative scattering LSDS a is a dilation of some 
system ct then a is also iV-dissipative. By virtue of Theorem [T7J, for each operator- valued 
function 9 E S%(X~,M + ) there exists a conservative realization i.e. such a conservative 
scattering LSDS a that 8 = 9 a . According to Proposition |3.10| , for a there exists a minimal 
system a m i n such that a is a dilation of a m i n , moreover by Proposition |37J| 8 = 8 a = 8 amin . 
Thus we obtain the theorem on a minimal N- dissipative realization for operator- valued 
functions from S%(Af~, J\f + ). 

Theorem 5.3 For an arbitrary 9 G ^(A/" - , Af + ) there exists a minimal N -dissipative scat- 
tering LSDS a min such that 9 = 9 amin . 

As we remarked in the end of Section [TJ for N — 1 and iV = 2 we have equality in ( |1.3| ). 
It follows from here (see Definition |5.1|) that for these cases the notions of iV-dissipative 
scattering LSDS and dissipative scattering LSDS coincide, and the corresponding classes of 
systems also coincide. In the case iV > 2, as we will show, these classes do not coincide. 
The following result was obtained in [0. 

Theorem 5.4 There exist such triples T = (7\, T2, T3) of commuting contractions on some 
finite-dimensional Hilbert space TC and M = (Mi, M%, M3) of linear operators on C n , with 



some integer n > 1, that the linear homogeneous operator-valued function L M (^i, z 2 , z 3 ) = 
M\Z\ + M 2 Z2 + M 3 z 3 satisfies 




zeD 3 



(here L M (T) := M 1 <g> T a + M 2 <g> T 2 + M 3 <g> T 3 G [C n ®H,C n ® H}). 
Under conditions of this theorem, set 

(5.2) G k := (maxULM^ID^Mfc, (fc = 1,2,3) 



zeB 3 



(5.3) A" := C"'- 1 , M- = M + := C, so that C n = X © AT = 

/p- .\ ^4fc : = -PA'CfclAf , B k := P^-CfclAA /, _ 

1 J C fe := P M+ G k \X, D k :=P N+ G k \N-. ^ _A ' 



3) 



Then the linear operator-valued function £g(-£) := + + G3Z3 = zG (2; G D 3 ), by 
virtue of (|5.2| ), belongs to the class B®(C n ,C n ). However by ( |5.1| ) and ( |5T2| ) 



The latter means (see Section |I|) that Lq does not belong to the class S®(C n ,C"). Thus 
the LSDS a = (3; A, B, C, D; X,N~,N + ), that is defined in (|5"^)-([5^) , is dissipative but 
not 3-dissipative. For the case N > 3 an analogous example of dissipative but not N- dis- 
sipative system can be easily constructed by supplement of arbitrary operators M 4 , . . . , M N 
on C n with sufficiently small norms to the triple M = (Ml, M 2 , M 3 ) from Theorem |5.4j and 
setting T 4 = . . . = T/v = 0, so that the inequality analogous to (|5.1|) holds for the A-tuples 
M := (Mi, M 2 , M 3 , M 4 , . . . , M N ) and T := T 2 , T 3 , 0, . . . , 0), and then defining such a 
A-parametric system in the same way as in ( p.2| )-( p^4[ ). Thus we have proved the following. 

Theorem 5.5 The class of N -dissipative scattering LSDSs for the cases N = 1 and N = 2 
coincides with the class of all N -parametric dissipative scattering LSDSs, and for the case 
N > 2 is a proper subclass of the latter. 
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